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Hooke's law for an isotropic material in a three-dimensional state

'y Oy
i - 4*7 e o
m 1] #— Y
H HER S x

* ] 7’x‘|‘ = yyi{ )//7 + | [+ [—1 vector of stress
f‘ |§ % Ty o components:
(%x)
T, E — Young modulus ay
Ve = G v - Poisson ratio o
G — shear modulus {o} =+ T Z 4
) 6x1 Xy
\T )

vector of strain
components:

(€x )
{0} = D] {¢} £y
6x1 6xX6 6%X1 EZ
L . {e} =5 >
Constitutive matrix: / 6x 1 yxy
1—-v v v 0 0 0 | kyyz )
v 1—v v 0 0 0 Vzx
[ ] s 1w v 1—v 0 0 0
o <1+V><1 [0 0 0 05-v 0 0
0 0 0 0 05—v 0
0 0 0 0 0 05—v




Plane stress (thin plates, shells)
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Plane strain (infinitely long pipe, prism and roller )
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Axial symmetry (rotating disc)
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Example of using the 2D element option

Plain stress

Plain strain
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Support conditions for a 2D plate loaded with forces in equilibrium
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Even in the case of self-
balanced loading, it is
necessary to assign

P a number of degrees

of freedom for the model
that will prevent the
possibility of movement
as a rigid body.
Symmetry plane At the same time, we
should not restrict the
freedom of deformation so
that the stiffness matrix
does not become singular
and the solution
ambiguous.
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CST (constant Strain Triangle ) finite element (2D, 3-node triangle)
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CST finite element

Area coordinates as functions of coordinates (x, y):
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Shape functions of the CST element

shape functions =normalized area coordinates:
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Isoparametric mapping in the CST element
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Strain-displacement matrix of the CST element

strain vector for plane stress or plane strain conditions:
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Elastic strain energy in the CST element. Local stiffness matrix

elastic strain energy in a finite element:
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Potential energy of loading in the CST element

potential energy of loading in a finite element:
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Components of equivalent Ioad vector in the CST element

--------------------------------------------------
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Equivalent load vector in the CST element

equivalent load vector equivalent load vector
due to mass forces: due to surface load:

Il —leX. P rX.rP X .rP X .r P X, P X . |
X +ED  FEX+EF  FE+FD,, FX +FL,
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Results in the CST element

DOF solution : u(x,y), v(x,y)

element solution: {c}, {¢}
3x1 3x1
!

]
f——

| 77250
‘m

x|

linear functions of coordinates (X, y)

> constant

¥
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Example 1: Determination of the equivalent force in the CST element due to surface forces -« | #=o

2 (x2,¥2)
3 (x3ry ]
p(x,y)
y
Lo
te, E, v

1(x1,y1)

The work of the equivalent
force FF, on displacement 1

T

KL 1= te]p(x,y) u(x,y)dy

equivalent load vector
due to surface load:

o
=
Q
|
~
Q
\
=
=
Q
%)

Integration of barycentric functions:

q'r!l

_ (tyayr —
J1= fo LiLydl = (q+7r+1)!

1

b
Fle

A

The work of load p(x,y)
on displacement u(x, y)

0

J = [, L1} 1544,

\

(x,y) =Liuy

u1=1

El, =t f p(x,y) Ly dy

q'r!t!

T (q4r+t+2)! €
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Example 2: Determination of the equivalent force in the CST element due to surface forces - | & =o

local coordinate system

The work of the equivalent The work of load p(x,y)
force Ff; on displacement 1 on displacement u(x, y)

|
e \ L
FP-1=t, j p(x,y) u(x,y)dy — > | Fp =t J(P1L1+P2L2) L, dy
0 0

l l 21011 ML . !
F, =te (p1 JoLidy + p2 [y LiLy dy) = te(P1 5o, Zror) T P2 (1+1+1),) = t eG D1l + 221 i

________________
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=fquLr dl:ﬂ Forp,=0:

0 172 (g+r+1)! st

_ 2 _ipl,
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Example 3: Determination of the equivalent force in the CST element due to mass load

2 (x2,¥2)

=X, Y]

1(x1,y1)

equivalent load vector
due to mass load :

Integration of barycentric functions:
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The work of the equivalent
force F{%, on displacement 1 displacement u(x, y)
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X
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